We consider the prospect of detecting cubic Galileons through their imprint on gravitational wave signals from a triple system. Namely, we consider a massive Black Hole (BH) surrounded by a binary system of two smaller BHs. We assume that the three BHs acquire a conformal coupling to the scalar field whose origin could be due to cosmology or to the galactic environment. In this case, the massive BH has a Vainshtein radius which englobes the smaller ones and suppresses the scalar effects on the motion of the binary system. On the other hand the two binaries can be outside each other's redressed Vainshtein radius calculated in the background of the central BH, allowing for a perturbative treatment of their dynamics. Despite the strong Vainshtein suppression, we find that the scalar effects on the binary system are slightly enhanced with respect to the static case and a significant amount of power can be emitted in the form of the Galileon scalar field, hence actively participating in the inspiralling phase. We compute the modification to the GW phase and show that it can lead to a detectable signal for large enough effective scalar coupling.
Introduction
In 1915 Albert Einstein formulated his theory of General Relativity (GR), which still remains our best description of gravitational phenomena. Einstein ingeniously postulated the existence of a geometrical formulation of gravity inferred from the equivalence principle and chose to describe gravitational effects as induced by the spacetime curvature (even though alternative geometrisations exist [1] ). In this formulation, mass and energy causes spacetime to be curved and the dynamics are described by Einstein's field equations. Its non-relativistic limit naturally coincides with Newton's gravity. Since its inception GR has withstood intense scrutiny and has been experimentally confirmed on a multitude of scales. Three fundamental effects were suggested by Einstein as a way of testing GR: the gravitational deflection of light, the gravitational redshift and the perihelion shift. They were all successfully confirmed. Another important prediction of Einstein's theory is the existence of Black Holes (BHs). Objects like neutron stars or white dwarfs are the standard outcome of stellar evolution but under unusual circumstances with star masses exceeding a certain upper limit of order 20 solar masses BHs can form. A breathtaking recent event was the first picture of a BH as released by the Event Horizon Telescope [2] . One defining property of BHs within the realm of GR is the no-hair theorem, which states that the created BH after collapse depends only on its mass, its electric charge and its angular momentum.
The successes of GR do not stop here. A fundamental prediction of GR is the existence of gravitational waves (GWs) in the presence of a time-varying gravitational quadrupole moment. A linear analysis is enough to reveal the main features of their evolution and propagation . For sufficiently weak gravitational fields, the metric manifests itself as a small perturbation and the linearised Einstein's field equations are wave equations. The evolution of the GWs is then obtained in terms of the retarded Green's function and transverse waves that propagate at the speed of light. Realistic GWs follow highly non-linear evolutions beyond the linear regime and in some cases even form intrinsic spacetime singularities. The radiative sector of GR was hidden to observations until recently. Only indirect evidence for the presence of GWs followed from the measurements on the Hulse-Taylor double pulsar as a manifestation of period variation [3] . The remarkable breakthrough of the first direct detection of GWs as reported in 2016 by the LIGO team [4] opened up a new window for astrophysical observations, combined with a wealth of exciting, otherwise barely accessible phenomena. Quite generically, one can source three different type of GWs: shock waves, periodic waves and stochastic waves. While rotating stars, such as binary pulsars, generate periodic GWs, the massive collision of BHs and neutron stars causes shock waves. A new era of multimessenger data arose with the first detection of the merger of two neutron stars, where both the GWs as well as the electromagnetic signal were observed at the same time [5] . Amongst many outstanding scientific implications, one immediate consequence was an incredibly tight constraint ∆c = 10 −15 on the difference in the propagation speeds of GWs and photons. As a result, dark energy models featuring an anomalous propagation speed for GWs are highly disfavoured by this gravitational observation [6] [7] [8] [9] [10] [11] (recent reviews [12] [13] [14] ).
Even though GR describes in an exemplary manner most of the gravitational phenomena which are accessible to observations, it faces some tenacious challenges. As a nonrenormalisable theory its UV completion into a quantum gravity is unknown. Furthermore, curvature singularities in form of Big Bang and BH singularities can emerge. Cosmological observations enforce the necessity for unknown matter and energy forms, like the inflaton field, dark matter and dark energy. Another persistent challenge is the cosmological constant problem. Some of these problems are addressed by extensions of GR. Prominent classes of such extensions are scalar-tensor [15] , vector-tensor [16, 17] and tensor-tensor [18] theories. A common property that all these theories share is the presence of Galileon interactions for the helicity-0 mode in some limits. The scalar Galileon model [19] is very special in the sense that derivative self-interactions result in equations of motion that are at most second order. Furthermore, they are technically natural, meaning that the classical coefficients of the interactions receive no quantum corrections [20] [21] [22] [23] [24] [25] . The presence of derivative self-interactions equip such theories with the Vainshtein screening mechanism. As a result, in the vicinity of matter, the non-linear interactions of the Galileon scalar become large and hence suppress its coupling to matter [26] . Since the discovery of the Galileon interactions there has been a flurry of works related to Galileon cosmology [27] [28] [29] [30] , inflation [31] [32] [33] [34] , laboratory tests [35] , BHs [36, 37] , lensing [38] , superluminal propagation around compact sources [39, 40] .
The phenomenological viability of these models should be tested on small and large scales. Given the successful developments in GW's astronomy in recent years, it has become possible to look for such direct signals. Besides the existing observations of LIGO and Virgo, the planned LISA project [41] aims at pushing further our current observational boundaries. LISA will be an interferometric GW detector in space. Three satellites will form a triangle with a side length of 2.5 million kilometers in order to search for GWs with laser interferometers. LISA will be most sensitive in the frequency range between f ∼ 3 × 10 −5 and f ∼ 10 −1 Hz with a relative precision in frequency of order δf /f ∼ 10 −8 . In this sense, it differs from detectors installed on earth, which can only examine higher frequencies. LISA will be sensitive to GWs from super-heavy BHs in a large part of the observable universe and will therefore be much more sensitive than earth detectors like LIGO. It may also be possible to detect waves that originate from the Big Bang.
As a phenomenological test of the existence of scalar fields, BHs usually do not present many features and are deemed to be irrelevant probes because of the no-hair theorem [42, 43] . However there are many ways out of the no-hair theorem. Indeed the time-dependence of a scalar field at spatial infinity induces scalar hair around BHs [44] . This time-dependence could be due to cosmological boundary conditions or to the environment in which the BHs are located [45] . Concerning the Galileon, we will review in Section 2.2 how hair can be induced by an asymptotic timelike gradient of the scalar, showing that it can even lead to the generation of large scalar couplings. For simplicity only the cubic interaction will be considered here but this will already capture all the typical features of the Galileons.
Even if one circumvents the no-hair theorem, the modification of the GW signal of inspiralling binaries by the Galileon field is usually assumed to be too small to be observable because the field is screened by the Vainshtein mechanism [46] [47] [48] . Despite the fact that scalar-tensor theories generically predict dipole radiation which is enhanced with respect to the quadrupole in the post-Newtonian expansion [49] , the Vainshtein suppression is so enormous that any deviation from GR would be tiny. However, GW detectors such as LISA can monitor the inspiral of compact objects during a large number of GW cycles, thereby greatly enhancing the potentiality of detecting any deviation from GR. It is thus worth investigating the detectability of a Galileon field by LISA.
An immediate difficulty to be faced when studying Galileon dynamics is that the field equations are highly nonlinear (from the very existence of the Vainshtein mechanism) and post-Newtonian methods such as in standard scalar-tensor theories [50] are inappropriate. However, in the case of an extreme mass ratio inspiral (EMRI) of a solar-size BH interacting with a supermassive one, one can take advantage of the extreme mass ratio to set up a perturbative calculation. In this article, we will even go one step further and consider a triple system constituted of two 'small' BHs in a binary system orbiting a giant BH at the centre of a galaxy. We will be able to solve perturbatively for the global motion of the binary around the central BH, as well as for the motion of the binary system itself around its centre-of-mass. This is due to the fact that, while being fully inside the Vainshtein radius of the large BH, the binary system can lie outside its own 'redressed' Vainshtein radius 1 . This property allows us to set up a perturbative calculation in which the quadratic action in the background field of the massive BH dominates over the cubic interactions.
Before giving more details of our calculations, let us present a few order-of-magnitude estimates characteristic of our system. We will consider a massive BH of mass m 0 ∼ 10 6 M at the centre of a galaxy, and two 'small' BHs of mass m 1 , m 2 ∼ 30M orbiting in its vicinity. For simplicity, all trajectories are assumed to be circular, i.e the two BHs are in a circular orbit of radius d and their common barycentre is in circular orbit of radius r around the massive BH, with d r. A more realistic treatment would necessitate to take into account the eccentricity of the orbits which can grow to significant values in this kind of configurations [51] [52] [53] . At a frequency of approximately ω = 10 −3 Hz and higher, the two BHs could emit gravitational waves potentially detectable in the LISA band provided that their amplitude is large enough. This frequency corresponds to a maximal separation of the binary system of d max = (Gm 1 /ω 2 ) 1/3 ∼ 10 9 m ∼ 0.01 AU, using Kepler's third law. Higher frequencies lead to shorter distances. On the other hand, we will see in Section 2 that in order for our perturbative calculation to be valid, one should require d r/50 so that the binary system should be closer than 0.5 AU from the central black hole. The corresponding Vainshtein suppression of the fifth force is (r/r * ) 3/2 ∼ 10 −16 where r * is the Vainshtein radius. Despite this strong suppression, we will show that the Galileon field can lead to observable changes in the GW phase provided one chooses moderately large values for the effective scalar coupling. We then compute both the two-body energy and the power dissipated from the system. While the former involves the usual Vainshtein suppression and leads to negligible departures from GR, the latter contains non-trivial powers of the lengthscales of the system which makes it non-negligible in this particular configuration. We finally derive the modification of the binary dynamics when the scalar power is subdominant, and show that it could be observable thanks to the large number of gravitational wave cycles.
Our article is structured as follows. In Section 2 we present both the theory and the physical system which we consider. We then give the essence of our perturbative calculation. In Section 3 we explicitly compute the Green's function of the cubic Galileon. This will be used in Section 4 to compute the Galileon's correction to the energy, as well as in Section 5 to calculate the power dissipated from the system to lowest order. Finally, we present in Section 6 the correction to the GW phase induced by the scalar dissipated power found in the preceding Section. We use units in which = c = 1, we define Planck's mass by
where G is Newton's constant, and our metric convention is (− + ++).
A three-body system in the cubic Galileon
In this section we will present the theory setup and the configuration that we will use throughout this work. We will make explicit our chosen notations and units.
The theory
We assume that the gravitational interactions are successfully described by the laws of GR. We will further consider the presence of an additional massless scalar field π with a derivative self-interaction. The total action defining our theory is
where g denotes the determinant of the metric, R the Ricci scalar and Λ is the energy scale of the cubic Galileon interaction. In order to give a rough estimate for the latter, if the Galileon is supposed to contribute to the accelerated expansion of our universe one should impose Λ 3 ∼ H 2 M Pl . Nevertheless, we will keep this scale arbitrary and assume that a cosmological constant lies behind the acceleration. The metricg µν is the Jordan frame metric, which couples to matter. We take it to be simply conformally related to the Einstein frame metric, g µν = A 2 (π)g µν where A(π) = e βπ/M Pl . The contribution of the derivative self-interaction to the scalar field equation of motion is of second order
where [Π] represents the trace of Π µν = ∇ µ ∂ ν π. The Einstein's equations are given by
where T m µν is the matter energy-momentum tensor, and the associated stress energy tensor of the Galileon field is given in (5.3). One can see from the above expressions that the equations of motion remain second order for both the metric and the scalar field despite the presence of derivative self-interactions.
BH physics of the Galileon
BHs in the presence of a cubic Galileon interaction have been studied extensively [36, 37, 54, 55] . In particular, Ref. [36] showed that hairy solutions do exist once we impose cosmological boundary conditions. The scalar charge of massive objects in a cubic Galileon was studied in [55] where it was shown that, even starting from a negligible bare coupling of the scalar to matter β ∼ 0, an order-one effective scalar charge β eff emerges from the cosmological boundary condition. Let us see in more details how this effect arises.
As shown in [36, 55] the scalar field equation can be written as a conservation of a current ∇ µ J µ = 0 with
We consider a vacuum spherically symmetric solution of the field equations with an ansatz for the scalar field π = qt +π(r) ,
5)
where q = m Pl t −1 scalar is the time derivative of the field, and a static and spherically symmetric ansatz for the metric is chosen ds 2 = −e ν(r) dt 2 + e λ(r) dr 2 + r 2 dΩ 2 .
(2.6)
Notice that the value of q is arbitrary here. When a BH is embedded in a galactic environment, the time dependence of the scalar could be due to galactic phenomena which take place on shorter time scales than the Hubble rate t scalar < H −1 0 . In the following, we will take q as a phenomenological parameter.
The (tr) component of the metric equations is then equivalent to J r = 0. We further make the assumption that the scalar is a test field, i.e. we neglect its backreaction on the metric. We seek for solutions perturbatively close to the Schwarzschild one. With this supplementary assumption, Ref. [55] then showed that the scalar field solution to the J r = 0 equation is
where M is the ADM mass of the BH, and the solution has been expanded outside the Schwarzschild radius r s . We can define an effective scalar charge and its associated Vainshtein radius,
such that for r r V the solution reads
This solution is exactly the field generated by a massive body coupled with a Jordan frame metric A(π) = e β eff π/M Pl . We will consequently model our BHs with a point-particle action with coupling β eff as
where v µ = dx µ dt is the four-velocity of the BH. It is important to notice that for cosmological boundary conditions, q ∼ HM Pl and for Λ related to the dark energy scale, Λ 3 ∼ H 2 M Pl , then the effective scalar charge is close to unity. The associated Vainshtein radius is, for an object of solar mass, of order of a kiloparsec. This leads to a Vainshtein suppression of the fifth force
Alternatively, one can also translate the results we will obtain in this article as arising from any temporal gradient q of a cubic Galileon scalar field far from the system, be it due to cosmology or to the local environment in which the system is located. In traditional scalartensor theories, this 'Miracle Hair Growth Formula' found by Jacobson [44] has been used to predict dipole radiation from binary black holes systems [45] . The only condition which needs to be satisfied is that the Vainshtein radius associated to this asymptotic gradient, given in eq. (2.8), should be much larger than the typical size of the system we will consider. In this case, one can achieve scalar couplings β eff 1 which would enhance the detectability of the modification of gravity considered here.
Redressing the interactions
Emission of gravitational and scalar waves by a system of binary pulsars in the presence of Galileon interactions has been studied in Refs. [46] [47] [48] . In this article, we will consider a different physical situation amenable to a perturbative treatment. The system we will study is a three-body system, which is composed of a massive BH of mass O(10 6 )M at the origin of the coordinates, and two 'small' BHs of mass O(10)M . We will generically denote distances to the massive BH by r, and distances between the small BHs by d.
We will focus on the inspiral of the two small BHs around each other, generating GWs potentially accessible in the LISA window [41] . Such events were also considered as a probe of Kozai-Lidov oscillations generating eccentricity in the binary orbit [51] [52] [53] . In this subsection, we will show that there is a regime where one can perturbatively calculate the cubic Galileon corrections to the orbital parameters of the binary system, giving rise to a modification of the dynamics detectable in a GW signal. The rest of the article will be devoted to the derivation of this correction and its phenomenological implications.
We take the matter action to be constituted of three sources with masses m 0 , m 1 and m 2 . In this subsection we will concentrate on the scalar part of the action for illustrative purposes. On flat spacetime and expanding to first order in π/M Pl , the scalar part of the matter action is
where the three bodies contribute as
up to relativistic corrections. The hierarchy m 1 , m 2 m 0 suggest the field decomposition π = π 0 + ψ, where π 0 is the spherically symmetric field generated by the central BH, eq. (2.9). ψ represents a small perturbation of the scalar field generated by the two small BHs. In terms of this variable, the action reads
where we have eliminated the linear terms with the equations of motion and introducedT as
By definition, the Vainshtein regime in the background of the central BH occurs when the Galileon terms dominate the quadratic term (∂ψ) 2 in the action. The behaviour of ψ depends on which Galileonic term dominates in the action. Let us place ourselves close to one of the small bodies, say m 1 . In this case, one can assume that the term cubic in ψ dominates over the quadratic one and that we just recover the original cubic Galileon action for ψ. This means that ψ is of the form
where C is an irrelevant constant of integration, and d is the distance to the source 1. Indeed, taking the ratio of the term quadratic in ψ to the cubic term yields 2
where we have used the scaling π 0 ∼ π 0 /r 2 , ψ ∼ ψ/d 2 . This means that sufficiently close to m 1 , we can ignore the quadratic term and treat the central body only as a background field. In [56] it was noticed that this approximation is valid for the Sun-Earth-Moon system in a P (X)-type of theories and that it implied a violation of the Weak Equivalence Principle. The maximal distance up to which one can neglect the quadratic terms in the action satisfies
where r V,0 r V,1 are the Vainshtein radii (defined in equation (2.8)) associated to the central and the first object in the absence of any other object, respectively.
On the other hand, if the distance between the light bodies is large enough, i.e
then the dominant term for ψ in the action is the quadratic one. We will place ourselves in this physical situation. This can also be interpreted as the two BH's being outside their respective 'redressed' Vainshtein radius defined bỹ
In this equation, the redressed coupling and energy scale arise from canonically normalising the fluctuation ψ and are of the
is the factor in front of the kinetic term for ψ. The condition d r V,1 expressing the fact the the two BHs should be outside their redressed Vainshtein radius is perfectly equivalent to the condition (2.19) .
If the small objects masses are taken to be of the order of ten solar masses, while the central object is a supermassive BH with m 0 ∼ 10 6 M , then the condition (2.19) translates into d r 50 .
(2.21)
Hence, this condition enables us to calculate the cubic Galileon corrections to the orbital parameters perturbatively. Figure 1 : Schematic representation of the length-scales of the problem at stake. The distances have to satisfy eqs. (2.19) , andn is the normal to the plane of rotation of the binary system formed by the two small BHs
We are interested in the system of three BHs as described in section 2.3 and will assume that the BHs are described by a point-particle action. For simplicity, we will assume all the motions to be circular, i.e the two small BHs are in a circular orbit of frequency Ω around their common barycentre. We call this motion the 'inner orbit', which is itself in circular orbit of frequency Ω 0 around the massive BH. We call its motion the 'outer orbit'. This has been schematically illustrated in figure 1 . A more realistic treatment would necessitate to take into account the eccentricity of the orbits which can grow to significant values in this kind of configurations [51] [52] [53] .
We perform the analysis in the frame co-rotating with the centre-of-mass of the binary. Denoting by d = x 1 − x 2 and r the position of the centre-of-mass of the binary, we get
. The z axis of the coordinate system is chosen to point from the distant massive object of mass m 0 at the origin to the centre-of-mass r.
The orientation of the axis of rotation of the system is arbitrary and we choose to parametrise it with Euler anglesâ,b andĉ. This means that d is written as
where the R i 's are rotation matrices around the i axis. However, since the orientation of the x and y axes is defined up to an arbitrary rotation, we can fixĉ = 0. In explicit coordinates d reads
which shows thatâ can be absorbed into a redefinition of the origin of time, so we setâ = 0 from now on. Then the distance of object 1 to the massive object 0 is
where we recall that r is the distance of the centre-of-mass to the massive object. The equations are the same for the object 2 by just replacing d 1 by d 2 .
Before moving on, it is worth noting that the Vainshtein condition (2.19) on the distances, which is m 0 /r 3 m i /d 3 where m i is one of the small masses, exactly imposes Ω 0 Ω. Indeed, with Kepler's law one can write
implying that the binary system has a rotation rate around the central BH which is larger than its own one. This regime starts when the two BHs are such that Ω Ω 0 initially.
Galileon propagation: the Green's function
In this section we compute the propagation of the Galileon in the geometrical background configuration. For this purpose we essentially need to compute the Green's function of the second order action in perturbations. This will enable us to compute the two-body energy and the power dissipated in scalar radiation. Let us start from our base action (2.1) and split the fields according to g µν = η µν + h µν , π = π 0 + ψ where π 0 is given by eq. (2.9). We do not consider the interactions between the scalar and the graviton since they will give subleading corrections to our results as we will argue below. This means that the action (2.1) splits into the usual Einstein-Hilbert action and a cubic Galileon in flat spacetime coupled to matter through eq. (2.12). We now concentrate on the scalar part of the action, and as observed in Section 2.3 we keep only terms quadratic in ψ to obtain
whereT is given in eq. (2.15). We rewrite the quadratic action for ψ in spherical coordinates and integrate by parts in order to eliminate the higher derivatives on ψ. We find
where the kinetic, angular and radial factors read
and the radius r *
denotes the Vainshtein radius associated to the central mass.
In order to find the two-body energy and the power dissipated in scalar radiation, we have to find the Green's function associated to this quadratic operator. It is defined by
where ∇ 2 Ω = ∂ 2 θ +1/ sin 2 θ∂ 2 φ . It is worth mentioning the following special boundary condition. We will take the field to vanish at the origin of coordinates where the massive object lies. Since the field goes as r 1/2 at the origin, this is consistent, contrary to the Newtonian problem where the field goes as 1/r but vanishes at infinity. We can obtain the field as
In the static case, by substituting the field in the quadratic action, we can obtain the two-body energy, defined as dtE = − (S cl )
We will follow Refs. [46, 57] in order to calculate the Green's function. For static configurations, we will subtract an infinite term from the Green's function which is space-independent and does not contribute to the energy as the supports of the matter distributions do not intersect. By introducing the rescaled variable u = r r * , we rewrite the previous equation as
We further decompose the Green function in a Fourier and spherical harmonics basis as
Using the resolution of the identity
one easily finds the equation for the mode function R lm
The general continuous solution of eq. (3.11) is
where we have omitted the index l, m, ω for clarity and the constants A, B, C, D are to be fixed by the normalization of the mode functions and the boundary conditions. Here we have introduced the notation u > = max(u, u ) and u < = min(u, u ), and the homogeneous solutions are given by the Bessel functions 13) where N is a normalization constant and ν = (2l + 1)/4. Integrating eq. (3.11) for u close to u , we get
is the Wronskian of the two homogeneous solutions. We choose N = π 8r * sin(νπ) (3.16) such that D − C = 1. We next determine the constants from the boundary conditions. We require the flux to be purely outgoing at infinity, which corresponds to taking the retarded Green's function. On the other hand, the boundary condition at the origin can be fixed by the following observation. On the other hand, from eq. (3.6), we have
(3.18)
By equating these two equations, we find the boundary condition at the origin
where P l represent the Legendre polynomials, and we have used the following identities
Let us examine the asymptotic behaviour for l > 0 first. From the behaviour of the Bessel's functions at the origin
we immediately deduce that B = D = 0 for l ≥ 1 in order for the Green's function to be continuous at the origin. The solution is now
The constant A is fixed by requiring the flux to be outgoing at infinity. Indeed, by rewriting the Bessel functions in terms of the two Hankel functions
and using the asymptotic behaviour at infinity
the condition that the flux is purely outgoing imposes
Let us now examine the l = 0 case. In this case, R 2 is not divergent any more at the origin but takes a finite value,
The solution when one of the points is taken to be the origin is
We can now use eq. (3.19) by noticing that R lmω (u, 0) = 0 for l > 0, which gives
This imposes D = 1 (so C = 0). The B coefficient multiplies a power-law divergent term which we simply subtract as it does not depend on the variables u, u . B is left undetermined here. To find A and B, let us rewrite the solution when one of the endpoints is taken to infinity, say u ,
so that in order to have a purely outgoing flux, one should impose
In conclusion, the mode functions are
In this way the Green's function (3.9) is completely characterised.
4 Static limit: ω → 0
The two-body energy
Next, we shall discuss the static limit (i.e, the limit ω → 0) of the Green's function which will give rise to the two-body scalar energy. Let us focus on l > 0 first. Then it is easy to see that the only nonzero part of R is
which gives upon using eq. (3.9) and a choice of axis for u such that θ = 0
whereû = u/u, and we have used the Legendre polynomial identity
x l x l+1 P l (cos θ) ,
where x = | x|, x = | x | and θ is the angle between x and x . Ignoring the divergent R 2 R 2 contribution as before, the l = 0 term is similarly obtained and one finally gets for the static Green's function
where ρ = √ uû. We shall use this Green's function to find the energy. There are two types of terms in eq. (3.7): the self-energy terms and the 1 − 2 interaction term. We will ignore the self-energies since these terms contribute only when finite-size effects are taken into account. In any case the evaluation of the Green's function at coincident points is not well defined because eq. (2.19) is not satisfied. The interaction term gives the energy
Let us now come back to Figure 1 and give some order-of-magnitude estimates. If d r, the last term in the energy dominates
Then the ratio of this energy to the Newtonian energy
We thus see that the energy is screened with respect to the distance to the massive object.
There is no factor involving the distance between the two bodies d. We will now evaluate precisely the scalar energy in the case of a circular orbit.
The case of circular orbits
In this subsection we will evaluate the two-body scalar energy for circular orbits. Using the notations of Section 2.4, we find, when | d| | r|, ρ By averaging over time, we see that the effect of the scalar energy, when added to the gravitational energy E gr = −Gm 1 m 2 /d, is just a renormalization of Newton's constant G → G eff , where the effective gravitational coupling constant takes the form
with α denoting a numerical quantity given by
and K is the complete elliptic integral of the first kind,
This result corroborates the expectation that the two-body scalar energy is a β 2 eff correction screened by the Vainshtein factor (r/r * ) 3/2 .
Dissipated power
In this section we compute the dissipated power in scalar radiation due to the presence of the cubic Galileon. The power emitted in the tensor sector will follow the usual quadrupole formula and hence we will focus on the scalar sector.
Energy-momentum tensor
The total energy-momentum tensor splits into gravitational and scalar contributions,
where T g µν is the usual Landau-Lifschitz pseudo-tensor, and T π µν = −2/ √ −gδS π /δg µν , where S π is the scalar part of the action. Far from matter sources the total energy-momentum tensor is conserved, which allows to find the power lost into radiation by integrating it over a distant sphere of radius R centred on the system,
where n i is the outward pointing vector of the sphere. The Landau-Lifschitz pseudo-tensor will give rise to the usual quadrupole formula at lowest order in the post-Newtonian expansion, so there remains only to find the scalar dissipated power. The scalar energy-momentum tensor calculated from the action (2.1) reads
Splitting the field π = π 0 + ψ as in Eq. (2.14), one can collect the terms quadratic in ψ in the energy-momentum tensor. The linear terms average to zero in time in the dissipated power. As emphasised in Section 2, the dominant terms will be the quadratic ones coming from the Galileon term. By neglecting angular and time total derivatives, which, once again, will average to zero in the dissipated power, one finds the 0r part of the scalar energy-momentum tensor
For a wave travelling far from the massive objects, one has ∂ r ψ = −∂ t ψ/c r where c r = √ 3/2 is the radial propagation speed. This gives
(5.5)
Dissipated power
Let us now find the power radiated at infinity, which reduces to finding ψ( x, t) at large distance from the source. In order to find the lowest-order power emitted we will assume that the two objects follow non-relativistic trajectories. The trace of their energy-momentum tensor is given by
If one wanted to find higher-order corrections to the dissipated power, one would need to add relativistic corrections to this equation, but this is unnecessary for the lowest-order power as we argue below. By using eqs. (3.6) and (3.9), one finds
where R, θ, φ are the coordinates of the distant sphere of integration (at large distance, we can set the centre-of-mass of the binary system and the position of the large mass m 0 to the same point), and θ 1 (t), φ 1 (t) are the polar coordinates of the object 1 when taking the central mass to be the origin of the coordinates. Equation (5.7) represents the field in the frame corotating with the system. It is easy to find the field in the static frame attached to the central BH: one just has to replace φ i (t ) → φ i (t )+Ω 0 t (where Ω 0 is the angular speed of rotation of the barycentre of the system around the massive black hole) in the spherical harmonics, which adds a time dependent factor e −imΩ 0 t to the total expression.
We can then use that, for a T -periodic function f , the Fourier series becomes
We find that where X 1 = X = m 1 /(m 1 + m 2 ), X 2 = 1 − X and ω = nΩ + mΩ 0 . Finally, using eq. (5.5) and integrating over a sphere, the total power is
At this point we can check the convergence of the different sums. The expansion in l involves the mode fonction R lω (R, x i ) (denoting x i = | x i | = | r + d i |). More precisely, it involves a Bessel function evaluated in x i Ω. In realistic situations, one has rΩ 10 −1 so that we can evaluate the Bessel function for small arguments and each order in l is suppressed by (rΩ) (l+1)/2 (apart from the monopole whose scaling is different as we show below). Terms in the n-expansion arise by expanding the distance x i r + d i sin(b) sin(Ωt) + . . . in powers of d/r leading to Fourier coefficients from the corresponding power of sin(Ωt). Thus, the expansion in n corresponds to an expansion in d/r.
Monopole
The monopole (l = m = 0) term is simple as the spherical harmonics are given by Y 0 0 = 1/ √ 4π. From eq. (3.31), the mode function R 0ω for large value of R is given by
where we have used the behaviour (3.24) at infinity. One can then Taylor expand the Bessel function as x 1 r + d 1 sin(b) sin(Ωt) + . . . and d r. As the scalar field is real only the even powers of (d/r) 2k appear in the sum of the Fourier coefficients c n (f 1 ) + c n (f 2 ). They arise as d accompanies sin(Ωt) in the expansion and terms of order d 2k will only give contributions to harmonics of order n ≤ 2k.
Since the constant n = 0 term does not give any power in monopole (see eq. (5.10)), the lowest-order contribution is given by n = 2 (so ω = 2Ω) with at second order in d/r
An important observation is that this second-order expansion depends on (dΩ) 2 and not on (d/r) 2 . Since in realistic physical situations d/r ∼ 1/50 while dΩ ∼ 10 −3 , this makes the monopole much more suppressed than the other modes. Another important point to notice is that relativistic corrections to the energy-momentum tensor as well as couplings between gravity and the field ψ would correct this expression with terms scaling precisely as (dΩ) 2 . Thus, since a precise evaluation of the monopole would require these terms as well. We move on to the calculation of the dipole.
Dipole
The dipole term is defined by l = 1, m = 0, ±1. The mode function R 1ω is given by
We split up the computation between n = 0, which represents the dipolar emission of the centre-of-mass due to its motion around the central mass and n = 2 which contains also dipolar emission from the motion of the small masses themselves around their centre-of-mass.
n = 0 term
The n = 0 term corresponds to replacing x i → r at lowest order in the d/r expansion. Only the m = ±1 modes radiate (see eq. (5.10)). The relevant spherical harmonics are given by
Moreover, with the replacement x i → r, i.e positions are evaluated at the barycentre of the system, one has θ i = φ i = 0. Using the expression for the mode function (5.13) it is easy to find
Let us evaluate the order-of-magnitude of this expression for rΩ 0 1. We find
where we have used the variable v defined as v = (Gm 0 Ω 0 ) 1/3 , which scales as a velocity in the post-Newtonian expansion and is related to the radius using Kepler's third law
Comparing to the GR quadrupole power loss of a point-particle in circular orbit, P GR ∼ (m i /m 0 ) 2 v 10 /G, we see that the dipole emission is enhanced by two powers of the velocity (as expected), but is suppressed by the Vainshtein factor 1/(Ω 0 r * ) 3/2 , in line with the findings of Refs. [46] [47] [48] . This factor is extremely small as long as the Vainshtein radius is much larger than the size of the system, more precisely the wavelength of the emitted radiation. This implies that the Vainshtein screening is quite efficient for the global motion of the barycentre around the central mass, even if the dipolar power is generically enhanced by two powers of the velocity.
n = 2 term
As explained above, only the even n can contribute to the power. Let us first concentrate on the m = 0 term, which is the most interesting because it does not involve the rotation Ω 0 around the massive black hole and so represents a power loss for the binary system itself. The expression for the l = 1, m = 0 spherical harmonic is
Let us choose θ and φ such that the barycentre of the system lies in the θ = π/2 plane and such that this plane is perpendicular to the x axis (of unit vectorx). Then trigonometry gives
where θ i is the θ angle of the object i = 1, 2. With this in hand, one can compute the Fourier coefficient
where we have kept the leading term in rΩ, and the X(1 − X) prefactor comes from replacing d i → X i d. We thus confirm our previous claim: comparing to eq. (5.12), we see that this term involves the small parameter d/r instead of the much smaller one dΩ. Thus, the dipole will dominate the dissipated power.
Replacing in the expression of the Fourier coefficients for the power (by symmetry, for m = 0 the positive and negative n give the same contribution to the power) we find we can rewrite the power as
The negative power in front of u could seem worrisome as it diverges for small velocities, but recall that we are expanding in d/r so d cannot be taken to infinity without invalidating our expansion. Let us compare this expression with the GR quadrupole of a binary system in isolation P GR ∼ u 10 /G. Expanding the Bessel function for small arguments, we find
With the orders-of-magnitude given in the introduction, one can evaluate this ratio to be P n=2,m=0 P GR ∼ 10 3 β 2 eff r r * 3/2 (5.25)
Just as we proved in Section 5.4.1 that the Vainshtein screening is efficient for the motion of the barycentre of the system around the central mass, we see that it is also efficient for the motion of the binary system itself apart from a small enhancement factor of order 10 3 ( recall that (r/r * ) 3/2 ∼ 10 −16 for a cosmological Galileon). In the next Section, we will compute the modification to the phase induced by this new power loss by assuming it is a small correction to the GR quadrupole. This is valid as long as β eff 10 7 which we assume in the following.
Finally, one can also compute the term in the dissipated power coming from the harmonics m = ±1 with the same strategy, giving a result
This term involves a mixing between the two-body trajectory (parameterised by Ω) and the revolution around the central black hole (parameterised by Ω 0 ). With the conditions Ω 0 Ω and d/r 1, this is a subleading correction compared to the n = 0 term (5.15).
Inspirals and scalar correction to the phase
Here we compute the scalar correction to the GW phase recorded in a detector such as LISA. Within our simple approximation scheme, there are two kind of GW signals : the one caused by the motion of the centre-of-mass around the supermassive BH (at a frequency Ω 0 ), as well as the motion of the binary around its own centre-of-mass (at a frequency Ω). We make the assumption that each of these two motions can be treated separately -the so-called "Hill's approximation" -and we compute the relevant scalar phase in the two following subsections.
Extreme mass-ratio inspiral
In this Section, we will compute the modification to the GW phase (due to scalar wave emission) of the inspiral of the binary as a whole around the massive BH. Alternatively, our equations will be valid for any extreme-mass ratio inspiral of a light object around a massive BH provided once replaces the total mass m 1 + m 2 by the mass of the small object. This will allow us to derive a lower bound on the effective coupling β eff in order to be able to detect a Galileon correction to the GW phase.
Since the scalar power loss is enhanced by the fact that it is a dipole, we will compute the phase assuming that it induces the leading deviation from GR (the scalar correction to the energy is 'usually' Vainshtein suppressed, i.e. it does not involve a dipolar enhancement, so we will neglect it). The relevant dipolar power correction is given by equation (5.15) . We still assume that the GR quadrupole dominates the power loss.
Using Kepler's third law, the Newtonian energy of the system is
where we recall that v = (Gm 0 Ω 0 ) 1/3 . The time evolution of the binary system is given by the balance equation
where P π is the scalar power loss for the n = 0 dipole term in Eq. (5.15) (with the Bessel function expanded for small arguments) and P GR is the GR quadrupolar power loss given by
Let us introduce the dimensionless constant C 1 by P π = C 1 P GR v −13/2 , i.e.
The balance equation (6.2) then takes the form
The number of observable GW cycles of the binary system in the detector is 2Φ(t) where
where t in is the initial time at which the signal enters in the GW detector, and v in = v(t in ).
Assuming a final velocity v out ∼ 1 when the binary system plunges into the central BH, the total accumulated phase during the inspiral is Φ = Φ GR + ∆Φ where Φ GR is the usual GR phase, 7) and ∆Φ is the correction due to the scalar field, ∆Φ = 10 736
With the order-of-magnitudes given in the introduction and expanding in all the relevant parameters, we find where Ω in is the minimal frequency at which the GW signal is observed in the detector.
The precision achieved on the phase of GW observatories is at the level of ∆Φ ∼ 0.1 [58] , so that an effective scalar charge β eff 10 4 would induce observable modifications to the GW phase. Note that ∆Φ is quite sensitive to the minimal frequency Ω in at which the signal is detected in the interferometer, so that a lower Ω in would greatly increase the detectability of such an event. Likewise, a value of Λ ∼ 10 −8 eV would allow for a detection with β eff ∼ 1.
Binary inspiral
We now concentrate on the GW signal originating from the motion of the binary system around its centre-of-mass, entering a detector at frequency Ω. We make the assumption that the new formula we found for the enhanced scalar dissipated power in Eq. (5.23) dominates the scalar loss of energy of the binary system, while the conservative energy is still dominated by GR, since the scalar energy is Vainshtein suppressed from Eq. (4.5). We still assume that the GR quadrupole dominates the power loss and we will compute the modification to the phase of the GW as in the previous Section.
The Newtonian energy of the binary system is
where ν = µ m 1 +m 2 , µ = m 1 m 2 m 1 +m 2 and we recall that u = (G(m 1 + m 2 )Ω) 1/3 . The balance equation takes the same form,
where P π is the scalar power loss for the m = 0 dipole term in Eq. (5.23) and P GR is the GR quadrupolar power loss given by
Let us introduce the dimensionless 'constant' C by writing P π = Cν 2 u −1/2 /G, i.e
where once again we have expanded the Bessel function in eq. (5.23) for small arguments. For the largest possible r allowed by our condition (2.19) one has C ∼ 10 −39 β 2 eff , but for smaller r, C increases as r −2 . Then the time evolution of u is given by
In the regime where the first term coming from the GR quadrupole dominates, we have
where t 1 = 5 256
is the time of collapse from the initial time t in where u in = u(t in ), d in = d(t in ), which we choose to be the time at which our perturbative calculation is valid according to Eq. (2.19). However, the binary system will always fall into the central BH before merging itself. This is because the time of collapse into the central BH is
as the reduced mass is m 1 + m 2 and the mass of the central object is m 0 , and we recall that we have introduced the variable v = (Gm 0 Ω 0 ) 1/3 . Since at the initial time where the perturbative calculation begins to be valid one has Ω in 0 = Ω in (see the comment at the end of Section 2.4), the ratio of the collapse times is
Before being swallowed by the central BH, the binary system would still produce GW. The number of observable GW cycles of the binary system in the detector is 2Φ(t) where
Let us compute first the number of cycles assuming that the power loss is purely GR. One finds 20) where u out = u(t 0 ) is the value of u when the binary system plunges inside the massive BH. Expanding Eq. (6.15) for t 0 /t 1 1, one finds In the integral, C depends on time (so it depends on u) via its dependence on r. We make the simplifying assumption that r decreases according to the quadrupole formula, i.e.
We can relate t − t in to u using Eq. (6.15) expanded for t/t 1 1. Since C ∝ r −2 , this gives
where we have used the change of variable x = u/u in . Expanding once again for t 0 /t 1 1, we finally find
With the order-of-magnitudes given in the introduction and expanding in all the relevant parameters, we find This result is similar to the one that we obtained above (6.9), with slightly different powers of the parameters. Again for β eff 10 4 we could expect to detect the inspiralling phase of the two BHs falling towards each other.
Conclusions
Galileons give rise to scalar interactions that are embedded in prominent effective field theories of gravity like massive gravity, generalised Proca and Horndeski. Looking for experimental evidence of Galileon interactions is a crucial step in testing these theories. Cosmological and astrophysical phenomena provide important testbeds in that respect. Given the fast and promising developments in GW physics in the last few years, we focused here on a situation where a Galileon interaction could lead to modifications of GW signals potentially detectable by laser interferometers. To be specific, we chose to concentrate on the cubic Galileon model, for simplicity's sake, as it captures the relevant features of higher derivative self-interactions. The three-body system we have considered comprises a supermassive BH in the centre of a galaxy and two BHs forming a binary system in its vicinity.
We focused on a regime where perturbative calculations are applicable and computed the cubic Galileon corrections to the orbital parameters of the binary system. To do so, we considered the small perturbations due to the binary system in the background of the central BH. The two small BHs rotate with a frequency Ω around their common barycentre, which itself orbits with a frequency Ω 0 around the supermassive BH. We expanded the action to cubic order in perturbations due to the binary system. The quadratic terms enabled us to determine the Green's function and hence the Galileon propagator in the background of the central BH. With the help of the Green's function we were able to compute explicitly the two-body energy and the power dissipated in scalar radiation. The cubic self-interactions due to the binary system are negligible when the distance between the BHs is larger than their redressed Vainshtein radii in the background of the central BH. These results require the existence of a non-trivial conformal coupling of the scalar field to matter which is taken to have a dynamical origin, i.e. it appears when the background field is explicitly time-dependent.
Starting with the static limit, we found that the two-body scalar energy of the binary system is suppressed by the Vainshtein factor corresponding to the distance to the supermassive BH. In the case of circular orbits, we showed that the effect of the scalar energy translates into a renormalisation of Newton's constant. As expected, the two-body scalar energy gives a correction proportional to the effective matter coupling of the Galileon β 2 eff and is screened by the Vainshtein factor (r/r * ) 3/2 due to the central BH, where r is the distance of the binary system to the central BH. Then we computed the dissipated power in the presence of the cubic Galileon. Due to the absence of non-minimal couplings to matter, the tensor radiation of GW waves follows the standard quadrupole formula. Crucial new effects appear in the scalar radiation. We found that the scalar monopole only depends on (dΩ) 2 and not on (d/r) 2 . Concerning the dipole moment, we computed both the dipolar emission of the centre-of-mass due to its motion around the central BH and the dipolar emission from the motion of the small masses themselves around their common centre-of-mass. In the former, the dipole power is enhanced compared to the GR case by two powers of the velocity. Unfortunately it is still suppressed by the Vainshtein factor 1/(Ω 0 r * ) 3/2 implying that the overall scalar emission is suppressed. In the latter, we found a velocity enhancement due to the dipolar power leading to a small reduction of the Vainshtein efficiency.
Finally, we have derived the Galileon corrections to the phase of gravitational waves emitted from the system. Since the number of cycles can be very large, the relative precision of GW observatories could be excellent allowing for detection of tiny modifications from GR. In this respect, we have found that for large enough conformal couplings a modification to the GW phase due to the Galileon can be induced. Our results can alternatively be seen as constraints on the strong coupling scale Λ present in all Galileon interactions.
Of course, the configuration studied in this article is very special. For BHs of masses around 30 M and for frequency in the LISA band, this requires that the two BHs in the binary system should be closer than 0.01 AU and that they should be less than 0.5 AU away from the central BH ; furthermore, a more realistic treatment would necessitate to take into account the higher order post-Newtonian corrections, the eccentricity of the orbit, the spins of the BH, and the accretion disk of the supermassive BH [59] . Part of our results are also valid for the EMRI of a single BH around a supermassive one (see Section 6.1), which are among the main targets of LISA. For such configurations, the presence of a Galileon field could be hoped to be detected.
